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Abstract 

The lognormal distribution is currently used extensively to describe the distribution of 

positive random variables.  This is especially the case with data pertaining to 

occupational health and other biological data.  One particular application of the data is 

statistical inference with regards to the mean of the data.  Other authors, namely Zou, 

Taleban and Huo (2009), have proposed procedures involving the so-called “method of 

variance estimates recovery” (MOVER), while an alternative approach based on 

simulation is the so-called generalized confidence interval, discussed by Krishnamoorthy 

and Mathew (2003).  In this paper we compare the performance of the MOVER-based 

confidence interval estimates and the generalized confidence interval procedure to 

coverage of credibility intervals obtained using Bayesian methodology using a variety of 

different prior distributions to estimate the appropriateness of each.  An extensive 

simulation study is conducted to evaluate the coverage accuracy and interval width of the 

proposed methods.  For the Bayesian approach both the equal-tail and highest posterior 

density (HPD) credibility intervals are presented.  Various prior distributions 

(independence Jeffreys' prior, the Jeffreys-rule prior, namely, the square root of the 

determinant of the Fisher Information matrix and reference and probability-matching 

priors) are evaluated and compared to determine which give the best coverage with the 

most efficient interval width.  The simulation studies show that the constructed Bayesian 

confidence intervals have satisfying coverage probabilities and in some cases outperform 

the MOVER and generalized confidence interval results. 

 

Keywords: Bayesian procedure; Lognormal; Highest Posterior Density; MOVER; 

Credibility intervals; Coverage probabilities. 
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1  Introduction 
 

Lognormally distributed data presents itself in a number of scientific fields.   According 

to Limpert et al. (2001),  the distribution may be used to approximate right skewed data 

that arises in a wide variety of scientific settings.  Particularly in the area of health costs 

the log distribution has been extensively used by other authors and numerous statistical 

methods have been developed. 

 

For testing the equality of means from two skewed populations Zhou, Gao and Hui 

(1997) and Zhou, Melfi and Hui (1997) first proposed a Z-score method for populations 

that have lognormal distributions.  Zhou and Tu (1999) then extended the scenario by 

proposing a likelihood ratio test for instance when the populations contain both zero and 

non-zero observations.  Furthermore, Zhou and Gao (1997) did propose confidence 

intervals for the one-sample lognormal mean, but until Zhou and Tu (2000) no 

confidence intervals had been proposed for methods that compare the means of two 

populations.  Even though Zhou & Tu (1999) provided a test of whether the means were 

the same, if they were indeed found to be different the method they proposed did not add 

any additional information on the relative differences and magnitudes of the two 

population means, as a confidence interval would indeed. 

 

As mentioned, Zhou and Tu (2000) considered the problem of constructing confidence 

intervals for the ratio of two means of independent populations that contain both 

lognormal and zero observations.  The context of the proposed techniques is as described 

earlier concerning the excess charges of diagnostic testing.  For the purposes of the 

analysis a maximum likelihood method and a two-stage bootstrap method was used.  An 

extensive simulation study was conducted to ascertain the coverage accuracy, interval 

width and relative bias of the proposed methods.  The focus was also on inferences about 

the overall population means, including zero costs.   

 

According to Hannig, Lidong, Abdel-Karim and Iyer (2006) simultaneous confidence 

intervals for certain lognormal parameters are useful in pharmaceutical studies.  In 

bioequivalence studies comparing a test drug to a reference drug it is of interest to 

compare the mean response of the two drugs to ensure that they are (more or less) equally 

effective.  An important variable in these studies is the area under the curve relating the 

plasma drug concentration in a patient to the elapsed time after the drug is administered.  

It is usually assumed that the area under the curve is lognormally distributed.  So the 

parameter of interest is the ratio of means of two lognormal distributions. 

 

Also, as mentioned in Zhou, Taliban and Huo (2009) since many health cost data may be 

positively skewed the literature dealing with the analysis of the means of lognormal data 

has increased substantially.  This includes procedures for a single sample mean, a 

difference between two sample means and additional zero values for each of these cases. 

 

Many authors have proposed methods based on the simulation of pivotal statistics, 

commonly referred to as generalized confidence intervals.  These methods have 
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generated a series of papers on the means of lognormal data (see for example 

Krishnamoorthy and Mathew (2003), Tian (2005), Chen and Zhou (2006), 

Krishnamoorthy, Mathew and Romachandren (2006), Tian and Wu (2007 [a],[b]) and 

Bebu and Mathew (2008)).  For further details refer to Zou et al (2009).  The simulation 

of pivotal statistics is a frequentist method that is in effect rather similar to some of the 

Bayesian procedures that will be proposed in the next sections. 

 

Instead of adapting a simulation approach for making inferences on the lognormal mean, 

Zou, Taliban and Huo (2009) proposed procedures involving the so-called “method of 

variance estimates recovery” (MOVER).  The MOVER method was designed in order to 

apply to a general scenario and also to provide adequate coverage rates in estimation 

procedures relating to lognormally distributed data.  The issue of zero values is also 

potentially problematic where in practical situations (many arising from the medical 

field) non-zero data is right-skewed, but zero-valued observations are present in the data.  

The MOVER method can also be used to handle zero values quite easily.  The advantage 

of the MOVER is therefore that it is easily applicable to many different settings with little 

more than a basic knowledge of introductory statistical text. 

 

In this paper an extensive simulation study will be conducted to ascertain the coverage 

accuracy of the proposed methods.  These proposed methods are all based on a Bayesian 

framework, where the choice of prior distribution is the factor of interest.  Specifically, 

the choice of different prior distributions in different parameters settings and the 

appropriateness of each is of primary importance.  This will be compared to the MOVER 

algorithm developed by Zou et al (2009) and the generalized confidence interval 

procedure proposed by Krishnamoorthy and Mathew (2003) by means of simulation 

studies.   Another setting that is also addressed in this paper is that of zero values, 

particularly zero costs in medical health costs.  The focus was also on inferences about 

the overall population means, including zero costs. 

 

As mentioned a Bayesian approach to the problem will be taken.  Depending on the 

choice of prior distribution it will be shown that the Bayesian procedure has equal or 

better coverage accuracy than both the MOVER method and generalized confidence 

interval procedure.  In the next section we begin with a formulation of the model and a 

specification of all parameters and distributions of interest.  In further sections we 

compare the performance of the methods for different prior distributions by conducting a 

simulation study to assess specific quantities of the proposed credibility intervals in pre-

defined finite sample sizes (the same as those used by Zhou and Tu [2000]). 

 

2  Description of the Setting 
 

The first setting is the straightforward lognormal distribution, i.e. with no zero valued 

observations/costs.  Bayesian methods will be compared to the MOVER method and 

generalized confidence interval methods. 
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The second setting allows for the possibility of zero-valued observations.  The lognormal 

distribution in itself does not allow for zero values to be included in the data.  This 

suggests an interesting setting, namely the analysis of data that contains both zero and 

non-zero values, with the non-zero values being lognormally distributed. 

 

3  The Case of No Zero-Valued Observations 

3.1  Model Formulation 

From the specification of the problem in the Introduction we can assume that the 

population of interest contains only non-zero (positive observations) Furthermore, it is 

assumed that the observations are distributed lognormally with parameters � and ��.  

Now, let ��� ��� � � �� be a random sample and let 	 
 ���
�.  From this preliminary 

setting specification we wish to construct credibility intervals for mean, 	.  As 

mentioned the observations are lognormally distributed: ����
�������� ���, for � 
�� � � �.  From this it follows that the mean is given by: 

 	 
 ��� �� � �� ���. 

 

3.2  Intervals Based on a Bayesian Procedure 
Denote �
 
 ����
� then the likelihood function is given by: 

 ���� �� !"#"� �$ �% � �&'�� �(�
)� ��� *+ �,-.�/�'�&' 0    (1) 

 

The choice of prior to be used in this setting will be discussed in further sections.  Given 

the previous specification of the likelihood, the Fisher Information Matrix can be written 

as: 1��� ��� 
 �+� 2 3�3���� ��� ������ �� !"#"�4 

Therefore, 

15�� �67 
 �!�"8 9 ��6 �6�:; 
          (2) 

3.2.1  Independence Jeffreys Prior: 

Since < 
 ��� ��� is unknown the prior  

 ��<� $ � �&'        (3) 

will be specified for the unknown parameters.   This is known as the independence 

Jeffreys prior.  In (3) we have assumed � and ��to be independently distributed, a priori, 

with � and �=8�� each uniformly distributed.  See Zellner (1971) and Box and Tiao 

(1973) for further discussion.  Combining the likelihood function (1) and the prior density 

function (3) the joint posterior density function can be written as: 
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>

            

>�< !"#"� 
 �?6@��� A.� �( ��� �+ �6�� �� +��B��� ?C�D�6 A� �( E F����.� �( �EG����� 9+ C�D�6��;H �C6� I 

           (4) 

where �B 
 � �� J �
��  ,  C 
 � + � and 

 �D� 
� ��.� J ��
 +��B���� . 

From (4) it follows that the posterior distribution can be defined as the conditional 

posterior distribution of �, which
 
is normal: 

 � ��� !"#"���� ��B � &'� �         (5) 

 

and for ��, the posterior density function is an Inverted Gamma density, specifically: 

 

>��� !"#"� 
 � �E&K'� �� �( E L5&'7MN '( �OP'�QRS9.OTK''T';U�O'� V.     (6) 

 

From equation (6) it follows that WX 
 � E &K'&'  has a chi-square distribution with C  

degrees of freedom.  From classical statistics (if �D� is considered to be random) it is well 

known that WX  is also distributed chi-square with C  degrees of freedom.  This agreement 

between classical and Bayesian statistics is only true if the prior �5�� 7 $ �.� is used.  If 

some other prior distributions are used, for example �5�� 7 $ �.Y or �5�� 7 $ Z=�[#"�#, 

then the posterior of WX  will still be a chi-square distribution but the degrees of freedom 

will be different. 

 

The method proposed here to find the Bayesian credibility intervals for ��	
 
, the log of 

the mean, is through Monte Carlo simulation.  Since ��	 
 �� ���� ��� standard routines 

can be used in the simulation procedure. 

 

3.2.2  Simulation Procedure: 

The following simulation was obtained from the preceding theory using the MATLAB® 

package: 

1. For given values of �, �� and �, sample values �B  and �D� were drawn from �B ���� ���� &'� � and �D� 
 �\&'E �, where ]���^E�.  This was repeated 10000 times.  It 

is only necessary to simulate the sufficient statistics �B  and �D� for the sample data 

and not the complete sample. 

2. For every pair of �B  and �D� values, � and �� can be simulated from their 

respective posterior distributions, as given in (5) and (6). 
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3. For the 10000 generated values, ��	 
 �� ���� �� can be calculated and ordered.  

The equal-tailed and shortest 95% Highest Posterior Density Intervals can then be 

obtained. 

4. The coverage and average widths of the intervals from the 10000 samples can be 

calculated. 

 

3.2.3  Alternative Prior Distributions 

3.2.3.1   Jeffreys-Rule Prior: 

As mentioned in the Abstract and Introduction to this document, one of the objectives is 

to compare the Bayesian procedure for different choices of prior distributions for < 
 _����`a, the unknown parameters.  In the previous two sections we discussed the 

analysis methods using Jeffreys’ non-informative prior and the resulting simulation 

technique respectively. 

 

In this and subsequent sections different choices of prior distributions will be discussed in 

an effort to eventually compare the results.  The choice of prior applied in this section is 

the square root of the determinant of the Fisher Information Matrix, which is an 

adaptation of the Jeffreys’ rule used in the previous section. 

 

The Jeffreys’-Rule prior becomes 

 ��<� $ ��.Y        (7) 

This was derived from 
1

2| ( ) |I θθθθ , which was defined in (2).  In (3) we have assumed � and �� to be independently distributed, a priori, with � and �=8�� each uniformly 

distributed.  Combing the likelihood function (1) and the prior density function (7) it 

follows that WX  has a chi-square distribution with C � � degrees of freedom and the 

posterior distribution of �� is as defined in (6) with C � � instead of C. 
 

A similar simulation procedure to the one previously described can be used only with �� 
� E&K'bOPN' �. 
 

3.2.3.2   Reference and Probability Matching Priors 

In addition to the two previously mentioned Jeffreys’ Prior distributions the following 

prior distributions were all tested: 

 ��<� $ � �& c� �� �&'       (8) 

 ��<� $ � �&' c� �� �&'       (9) 

 

Prior distributions (8) and (9) are the reference and probability-matching priors, the 

derivation of which will be discussed and provided in later sections of this paper. 

 

In each case, 10000 samples were simulated and for each sample 10000 Bayesian 

simulations were made to obtain credibility intervals. 
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3.3  A Comparison of the Bayesian Methods with the Generalized Confidence 

Interval Procedure and the MOVER 

The object of the paper by Zou et al (2009, page 3760) was to demonstrate the MOVER 

in different scenarios, i.e. for a few different combinations of � and ��, where � 
+ �� ��.  The same scenarios will be presented here for the Bayesian confidence intervals 

and these will be compared to the results from the MOVER method and generalized 

confidence interval procedure to evaluate the performance of the Bayesian confidence 

intervals for both the equal-tailed and HPD intervals.  The following characteristics are 

reported: 

− coverage probabilities 

− average interval lengths 

 

A nominal significance level of 0.05α = will be used for each parameter setting. 

 

The confidence limits for the MOVER, as given by Zou et al (2009) on page 3758, are: 

� 
 ��B ���D�6 +�def �(� �D�� g�D�6 L� +� C^�.f �( �E� Vh�
 

i 
��B � ��D�6 ��def �(� �D�� g�D�6 L� C^f �( �E.�� Vh�
 

 

The simulation procedure as described for ��	 in Section 3.2.2 can be summarized as 
follows: 

 ��	 
 ��B �� ecWXC
�D� �� �D�6WXC  

where  e�����j��� and WX���^E�. 

 

The generalized confidence interval procedure discussed by Krishnamoorthy and Mathew 

(2003) involves simulating the pivotal statistic: ��	 
 ��B +� ecWXC
�D� �� �D�6WXC  

The only difference is the change of the sign.  The reason for this is that from a 

frequentist point of view �B �� ������ ��� &'� �, while Bayesian statisticians would say that � �B � ������ ��B � &'� �.  Since e�����j��� the two equations for ��	 above are the same.  

As mentioned, this will be the case only if the prior ���� ��� $ �.� is used. 
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3.4  Discussion of Results for the Simulation Studies 

The objective of this report was to compare these results against results obtained from a 

Bayesian-based simulation study using a specifically chosen set of prior distributions and 

to evaluate the performance of each prior distribution against both the other distributions 

and the results obtained by Zou et al (2009), overall.  The generalized confidence 

intervals will also be discussed. 

 

The following table presents the summary statistics of the results in both the Zou et al 

(2009) simulation study and the Bayesian simulation study using Jeffreys’ Independence 

prior. 

 

The same designs are used as considered by Zou et al (2009), where (< , >)% refers to the 

proportion of cases where the interval is below or above the true value respectively: 

 

Table 1 

Comparison of the MOVER and Independence Jeffreys’ Prior for Constructing Two-

sided 95% Confidence Intervals for � ���� ��  

 
  MOVER  GCI Jeffreys’ (Equal-tail) Jeffreys’ (HPD) � �� Cover (< , >)% Width Cover (< , >)% Width Cover (< , >)% Width Cover (< , >)% Width 

5 0.5 93.47 (3.19, 3.34)   2.54 93.99 (2.00, 4.01) 2.69 94.31 (1.87, 3.82)   2.68 95.67 (3.01, 1.32) 2.27 

 1.0 94.65 (2.75, 2.60)   4.66 93.98 (1.92, 4.10) 4.78 93.81 (2.16, 4.03)   4.73 95.69 (3.27, 1.04) 3.80 
 1.5 95.03 (2.92, 2.05)   6.67 94.15 (2.07, 3.78) 6.76 93.55 (2.09, 4.36)   6.75 95.83 (3.48, 0.69) 5.26 

 2.0 95.10 (2.99, 1.91)   8.76 93.77 (2.36, 3.87) 8.82 94.13 (2.11, 3.76)   8.68 95.70 (3.66, 0.64) 6.64 
 2.5 95.30 (2.89, 1.81) 10.55 94.08 (2.38, 3.54) 10.59 94.21 (2.14, 3.65) 10.82 95.84 (3.80, 0.36) 8.16 

 3.0 95.35 (2.60, 2.05) 12.72 93.90 (2.09, 4.01) 12.74 94.35 (2.07, 3.58) 12.71 95.81 (3.68, 0.51) 9.50 
          

20 0.5 94.24 (3.37, 2.39) 0.74 94.56 (2.35, 3.09) 0.76 94.56 (2.29, 3.15)  0.77 95.06 (3.00, 1.94) 0.75 
 1.0 95.19 (2.87, 1.94) 1.20 94.90 (2.17, 2.93) 1.22 95.09 (1.88, 3.03)   1.22 95.76 (2.76, 1.48) 1.19 

 1.5 94.76 (3.04, 2.20) 1.63 94.36 (2.40, 3.24) 1.64 94.77 (2.26, 2.97)   1.65 95.32 (3.28, 1.40) 1.59 
 2.0 94.94 (2.89, 2.17) 2.04 94.39 (2.39, 3.22) 2.06 95.16 (2.30, 2.54)   2.05 95.77 (3.30, 0.93) 1.96 

 2.5 95.24 (2.61, 2.15) 2.43 94.89 (2.14, 2.97) 2.44 94.98 (2.27, 2.75)   2.54 95.40 (3.48, 1.12) 2.39 
 3.0 95.41 (2.82, 1.77) 2.86 94.97 (2.37, 2.66) 2.87 95.59 (2.36, 3.05)   2.86 95.06 (3.62, 1.32) 2.71 

 

The equal-tailed results from the Jeffreys’ Independence prior should match the 

generalized confidence interval (GCI) results as found in Zou et al (2009).  This is due to 

the formulation of the model as described in previous sections.  From the above 

simulations it is apparent that the equal-tail intervals above do indeed match the GCI 

results, for all practical purposes. 

 

In comparison to the MOVER confidence intervals, the equal-tail intervals also seem to 

compare reasonably well, with insignificant differences in both the proportion of 

confidence intervals above and below the true parameter, but the width of the intervals 

are larger than those of the MOVER.  Naturally, as the sample size increases the width of 

the interval tends to decrease.  On the other hand, if the variance increases the width of 

the intervals will also increase. 

 

Thus, the equal-tail intervals do not offer an improvement on the MOVER method.  

However, when considering the HPD intervals, which are only possible through the 

Bayesian framework in this setting, a large improvement on the MOVER can be gained, 

particularly when � is small.  Of particular interest to note is that these HPD intervals 

result in considerable reductions in interval width.  Also of note is that the proportion of 
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intervals above the true parameter is considerably less than both the MOVER and the 

equal-tail intervals. 

 

So, the performance of the Jeffreys’ Independence prior is comparable (or improved for 

HPD intervals) to the MOVER.  However, in terms of the literature, Box and Tiao 

(1973), this would be the natural choice of prior distribution in this setting and thus, its 

accuracy is an expected result.  As mentioned previously though, other prior distributions 

were also chosen to examine their effectiveness in this situation.  These other prior 

distributions were mentioned in section 3.2.4.  The table below represents the results of 

these distributions, once again compared to the MOVER.  However, these were only 

performed for the extreme values of �� in Table 1.  Also, only the coverage and interval 

widths are presented (the derivation and potential justification of the Reference and 

Probability-Matching prior distributions are given in later sections of this paper). 

 

Table 2 

Comparison of the MOVER and Other Prior Distributions for Constructing Two-sided 

95% Confidence Intervals for � ���� �� 

 
    Equal-Tail / MOVER  HPD Intervals � �� Prior / Method  Cover % Width  Cover % Width 

5 0.5 MOVER  93.47 2.54  N/A N/A 

  ��<� $ � �.Y  91.36 1.82  91.68 1.66 

  Reference Prior  94.79 3.36  96.76 2.79 

  Probability-Matching Prior  92.27 2.09  93.30 1.89 

         

5 3 MOVER  95.35 12.72  N/A N/A 

  ��<� $ � �.Y  91.54 7.68  91.23 6.27 

  Reference Prior  93.57 11.89  96.41 10.09 

  Probability-Matching Prior  92.76 8.68  93.35 7.37 

         

20 0.5 MOVER  94.24 0.74  N/A N/A 

  ��<� $ � �.Y  94.39 0.74  94.14 0.72 

  Reference Prior  94.88 0.77  95.26 0.76 

  Probability-Matching Prior  94.74 0.74  94.81 0.73 

         

20 3 MOVER  95.41 2.86  N/A N/A 

  ��<� $ � �.Y  94.59 2.66  94.21 2.54 

  Reference Prior  94.71 2.99  95.66 2.84 

  Probability-Matching Prior  94.78 2.78  94.95 2.65 

         

 

It appears as though the coverage of the other prior is not as good as the Independence 

Jeffreys’ prior, particularly for small sample sizes.  However, as the sample size increases 

the effect of the prior distribution seems to decrease and the results are comparable. 

 

From Table 2 it is also clear that the reference prior is comparable to the MOVER and 

seems to have better coverage than both the Jeffreys’ rule (��<� $ ��.Y) and probability-

matching priors. 
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Example 1:  Two-sided 95% Bayesian Confidence Intervals for Lognormal Means and 

the Difference between Two Lognormal Means 

 

On page 3761 of Zou et al (2009) the following example was given (as referenced in 

Zhou et al (1997)):  the effect of race on the cost of medical care for type I diabetes was 

investigated using MOVER.  Log transformed cost data for 119 black patients and 106 

white patients.  For the black patients the following log-transformed data was available: �B� 
 ��k� 
 lmjnnl: and �D�� 
 �[�� 
 �mo6:6n.  For the white patients this was �B� 
��k� 
 omnlpjn and �D�� 
 [�� 
 6mnl�on.  For the MOVER the following results were 

obtained and this is compared to results obtained from the Bayes methods: 

 
 

MOVER 

Jeffreys-

Rule 

Independence 

Jeffreys 

Reference 

Prior 

Probability 

Matching 

Prior 

Black Patients      

Lower Limit  (equal-tail) 15806.00 15970.19 15882.58 16021.01 15906.92 

Upper Limit  (equal-tail) 31388.77 31759.23 31752.94 32025.42 31557.68 

      

Lower Limit  (HPD)  15708.48 15626.14 15753.04 15671.29 

Upper Limit  (HPD)  31063.21 31121.86 31351.21 30982.03 

      

White Patients      

Lower Limit  (equal-tail) 14842.03 15097.15 15039.52 15081.46 14962.31 

Upper Limit  (equal-tail) 39722.09 40079.56 40156.06 40483.85 40019.03 

      

Lower Limit  (HPD)  14744.94 14668.91 14765.88 14461.04 

Upper Limit  (HPD)  38799.26 38847.41 39404.13 38289.58 

      

Difference      

Lower Limit  (equal-tail) -19112.18 -19156.98 -19241.18 -19812.57 -19169.17 

Upper Limit  (equal-tail) 11371.14 11229.07 11381.24 11457.97 11361.90 

      

Lower Limit  (HPD)  -19161.99 -19254.62 -19820.21 -19170.15 

Upper Limit  (HPD)  11225.65 11367.43 11446.41 11360.83 

      

 

Since the sample sizes are large the interval lengths for the different procedures are more 

or less the same.  It is however, clear that the HPD intervals for the Independence 

Jeffreys’ prior are somewhat shorter for black and white patients than those of the 

MOVER. 
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4  The Case of Zero-Valued Observations 

4.1  Model Formulation 

A further problem suggested by Zou et al (2009) and other authors (e.g. Zhou and Tu 

(2000)) is that of the inclusion of zero-valued observations.  This setting we assume that 

the non-zero-valued observations are lognormally distributed, but zero valued 

observations are also present in the data.   

 

We assume that the probability of obtaining a zero observation from the population is q 

where j� r q� r �.  This can be specified in the likelihood function by means of a 

binomial distribution.  Furthermore, we assume that the non-zero observations are 

distributed lognormally in the same way as described in section 3.1.  From this 

preliminary setting specification we wish to construct credibility intervals for 	s , where: 

 	s 
 �� + �q���� �� � �� ���. 

 

The only adjustment to the setting mentioned in section 3.1 is that qt 
 ��u� , where �v is 

the number of zero-valued observations, �� is the number of non-zero observations and � 
 ��v ����. 

 

 

4.2  Intervals Based on a Bayesian Procedure 

The unknown parameters can now be defined by: <ws 
 � _q � ��` and then the 

likelihood function is given by: 

 

�5<s !"#"7 �$ � q�u�� + �q��N �x y ���z� �( ��� {+ ��
 + ����6�� |�N

)�  

          (10) 

 

From equation (10) the Fisher Information matrix is obtained as: 

15<s7 
 �!�"8 { �q �� + q � � �� + q ��� � �� + q �6�} | 
          (11) 

4.2.1  Prior Distributions: 

The following prior distributions were then chosen: 

 Independence Jeffreys’ Prior:  �5<s7 �$ ��.�q.� �( �� + �q�.� �(  (12) 

 Jeffreys’ Rule Prior:  �5<s7 �$ ��.Yq.� �( �� + �q�� �(   (13) 

which is obtained from ~15<s7~� �( .  The following: ��q� $ q.� �( �� + �q�.� �(   is the prior 

proposed by Jeffreys’ (1967) for the binomial parameter. 
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In addition to these prior distributions, the Reference and Probability-Matching prior will 

also be evaluated. 

 

It is easy to show that the posterior distribution of q in the case of Independence Jeffreys’ 

prior is a Beta distribution, specifically�� ��v � �� � ��� � ���, while the posterior 

distribution of q for the Jeffreys’ Rule prior is � ��v � �� � ��� � Y��.  The posteriors ��q !"#"� and ����� �� !"#"� will be independently distributed. 

 

4.2.2  Simulation Procedure: 

The simulation procedure is similar to that previously mentioned except for the 

simulation from the Beta distribution to obtain q. 

 

4.3  Discussion of Results from Simulation Study 

Zou et al(2009) used the MOVER for what they termed the one sample �-distribution, 

which is the same situation as the previously described setting.  The following results 

were obtained: 

 

Table 3 

Comparison of the MOVER and GCI against Independence Jeffreys’ Prior for Zero 

Values Included for Constructing Two-sided 95% Confidence Intervals for ���� + �q� ���� � �� ��� 

 
   MOVER GCI Equal-Tail HPD Intervals q � �� Cover % Width Cover % Width Cover % Width Cover % Width 

0.1 15 1 95.03 (3.60, 1.37) 1.65 95.53 (2.34, 2.13) 1.72 95.03 (2.59, 2.38) 1.66 95.36 (1.26, 3.38) 1.59 

  2 95.22 (3.13, 1.65) 2.78 95.50 (2.26, 2.24) 2.85 95.14 (2.62, 2.24) 2.79 95.56 (0.91, 3.53) 2.62 
  3 94.87 (2.90, 2.23) 3.88 94.94 (2.35, 2.71) 3.94 94.86 (2.73, 2.41) 3.89 95.42 (0.80, 3.78) 3.59 

 25 1 95.21 (3.09, 1.70) 1.17 95.95 (2.03, 2.02) 1.22 95.75 (2.30, 2.45) 1.18 95.34 (1.34, 3.32) 1.15 
  2 94.94 (2.87, 2.19) 1.93 95.21 (2.19, 2.60) 1.97 95.00 (2.52, 2.48) 1.93 95.43 (1.22, 3.35) 1.86 

  3 95.09 (2.80, 2.11) 2.67 95.31 (2.26, 2.43) 2.71 94.85 (2.60, 2.55) 2.66 95.22 (1.04, 3.74) 2.54 
 50 1 95.10 (3.02, 1.88) 0.78 95.79 (2.26, 1.95) 0.80 94.93 (2.47, 2.60) 0.78 94.98 (1.78, 3.24) 0.77 

  2 95.16 (2.87, 1.97) 1.26 95.41 (2.37, 2.22) 1.29 95.28 (2.47, 2.25) 1.27 95.56 (1.47, 2.97) 1.24 
  3 94.86 (2.69, 2.45) 1.73 94.87 (2.43, 2.70) 1.76 94.93 (2.68, 2.39) 1.73 95.13 (1.53, 3.34) 1.69 

0.2 15 1 95.17 (3.30, 1.53) 1.87 95.99 (2.14, 1.87) 1.98 95.48 (2.44, 2.08) 1.89 96.18 (1.08, 2.74) 1.80 
  2 95.41 (2.78, 1.81) 3.13 95.70 (2.02, 2.28) 3.23 94.98 (2.76, 2.26) 3.13 95.78 (0.88, 3.34) 2.91 

  3 94.97 (3.11, 1.92) 4.38 94.93 (2.54, 2.53) 4.47 94.60 (2.83, 2.57) 4.37 95.10 (0.81, 4.09) 3.99 

 25 1 95.17 (3.20, 1.63) 1.30 96.01 (2.14, 1.85) 1.36 95.32 (2.49, 2.19) 1.30 95.81 (1.45, 2.74) 1.27 
  2 95.34 (2.79, 1.87) 2.10 95.70 (2.11, 2.19) 2.16 95.34 (2.47, 2.19) 2.11 95.83 (1.08, 3.09) 2.03 

  3 95.27 (2.74, 1.99) 2.91 95.57 (2.17, 2.26) 2.96 94.92 (2.48, 2.60) 2.90 95.26 (0.89, 3.85) 2.76 
 50 1 95.00 (2.99, 2.01) 0.85 95.56 (2.26, 2.18) 0.88 94.90 (2.62, 2.48) 0.86 95.20 (1.84, 2.96) 0.85 

  2 94.95 (2.92, 2.13) 1.37 95.28 (2.36, 2.36) 1.39 95.09 (2.74, 2.17) 1.37 95.20 (1.72, 3.08) 1.34 
  3 95.30 (2.58, 2.12) 1.87 95.39 (2.24, 2.37) 1.90 95.13 (2.77, 2.10) 1.87 95.46 (1.45, 3.09) 1.83 

           

 

From the above it is evident that the interval lengths and coverage of the equal-tail 

intervals are very similar to the MOVER, with the lengths being almost identical.  It is 

interesting to note however, that proportion of intervals above and below the true value 

differ substantially.  The Bayesian HPD intervals are therefore a large improvement on 

the MOVER and generalized confidence intervals. 

 

In Table 1 the equal tail Bayesian intervals using the Jeffreys’ prior ���� ��� $ �.� are 

identical to the generalized confidence intervals.  This will not be the case in Table 3.  

The reason for this is the simulation of q.  In the Bayesian case (using the Independence 



- 14 - 

Jeffreys prior) the posterior distribution of q is the Beta, � ��v ���� � �� �����, distribution 

while Zou et al (2009) (see also Tian (2005)) used two pivotal quantities, ���v � ��� ��� 
and ���v� �� � �� for q, which are combined with the pivotal quantity of the lognormal 

mean to simulate ��	s 
 ���� + q � ���� � �� �� �.  From Table 3 it is also clear that 

the Bayesian equal-tail intervals are shorter than those of the generalized confidence 

procedure with just as good or better coverage probabilities. 

 

Tian (2006) also considered an approach based on the adjusted log-likelihood ratio 

statistics for constructing a confidence interval for the mean of lognormally distributed 

data with excess zeros.  Because of different parameter values only a few results could be 

compared.  It does seem, however, that the procedures described in Table 3 result in 

better results than the adjusted log likelihood method. 

 

Once again, other prior distributions were also evaluated, but only for the case of q 
 �jm�.  In addition, the proportion of intervals above and below the true parameter 

values were also not recorded. 
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Table 4 

Comparison of the MOVER and Other Prior Distributions for Constructing Two-sided 

95% Confidence Intervals for ���� + �q� ���� � �� ��� 

 
    Equal-Tail / MOVER  HPD Intervals � �� Prior / Method  Cover % Width  Cover % Width 

15 1 MOVER  95.03  1.65    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.35 1.53  94.10 1.48 

  Reference Prior  95.45 1.75  96.35 1.67 

  Probability-Matching Prior  96.25 1.67  94.41 1.59 

         

 2 MOVER  95.22 2.78    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.06 2.52  93.93 2.39 

  Reference Prior  95.01 3.02  96.10 2.81 

  Probability-Matching Prior  94.76 2.68  94.79 1.59 

         

 3 MOVER  94.87 3.88    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.47 3.45  94.02 3.23 

  Reference Prior  95.26 4.27  96.48 3.90 

  Probability-Matching Prior  94.22 3.76  94.45 3.49 

         

25 1 MOVER  95.21 1.17    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.12 1.12  94.18 1.10 

  Reference Prior  95.03 1.19  95.46 1.17 

  Probability-Matching Prior  94.82 1.15  94.81 1.12 

         

 2 MOVER  94.94 1.93    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.65 1.82  94.47 1.76 

  Reference Prior  94.96 1.99  95.89 1.92 

  Probability-Matching Prior  95.14 1.88  95.20 1.82 

         

 3 MOVER  95.09 2.67    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.82 2.51  94.33 2.41 

  Reference Prior  95.01 2.78  95.82 2.64 

  Probability-Matching Prior  94.44 2.60  94.35 2.49 

         

50 1 MOVER  95.10 0.78    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.79 0.76  94.72 0.76 

  Reference Prior  94.93 0.79  94.95 0.79 

  Probability-Matching Prior  94.80 0.77  94.85 0.76 

         

 2 MOVER  95.16 1.26    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   94.37 1.23  94.25 1.21 

  Reference Prior  95.34 1.28  95.78 1.26 

  Probability-Matching Prior  94.79 1.25  95.00 1.23 

         

 3 MOVER  94.86 1.73    

  �5<s7 $ � �.Yq.� �( �� + �q�� �(   95.03 1.68  94.51 1.65 

  Reference Prior  95.11 1.77  95.53 1.72 

  Probability-Matching Prior  94.65 1.72  94.66 1.68 

         

 

In this instance it appears as though the probability matching prior, �5<s7 �$ � q.� �( �� +�q�.� �( �.� �� �� �&'�� �(
, and the Jeffreys’ Rule prior (�5<s7 $ ��.Yq.� �( �� + �q�� �( ) tend 

to give coverage probabilities less than 0.95.  The reference prior, �5<s7 �$ � q.� �( �� +�q�.� �( �.� �� �� �&'�� �(
 on the other hand gives the correct coverage probabilities, but the 

intervals are wider than that of the MOVER. 
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Example 2:   Two-sided 95% Confidence Intervals for�� + �q���� �� � �� ���    
 

On page 3761 of Zou et al (2009) the following example was given (as referenced in 

Zhou and Tu (2000)): diagnostic test charges on 40 patients were investigated.  Among 

them, 10 patients had no diagnostic test charges and the charges for the remaining 

patients were approximated using a lognormal distribution.  On the log scale the 

following values were observed: �k 
 nmo�p� and [� 
 �monln. 

 

For the MOVER the following interval was obtained and this is compared to results 

obtained from the Bayes and GCI methods: 

 
 

MOVER GCI 

Jeffreys-

Rule 

Independence 

Jeffreys 

Reference 

Prior 

Probability 

Matching 

Prior 

       

Lower Limit  (equal-

tail) 

  955.50 970.81 

1002.18 975.03 996.10 982.41 

Upper Limit  (equal-

tail) 

4491.55 4687.37 

4690.34 4310.66 4802.44 4519.89 

       

Lower Limit  (HPD)   958.05 906.87 931.60 926.10 

Upper Limit  (HPD)   4345.73 3932.04 4356.93 4111.21 

       

 

From the table it is clear that the intervals do not differ much.  The intervals for the 

MOVER and the probability-matching prior are for all practical purposes the same.  The 

shortest intervals are obtained from the Independence Jeffreys’ and Probability-Matching 

prior.  As mentioned before, the equal-tail Independence Jeffreys interval and the GCI 

interval will not be the same because of the difference in the simulation of q. 



- 17 - 

5  Ratio between Two Samples 

The last situation that will be investigated in this paper is similar to the rest of section 4 

only with the added complexity of analyzing the results when not only a single sample is 

taken, but when the ratio of two populations containing zero values is considered. 

 

This situation was not specifically addressed in Zou et al (2009), but it has been 

presented, particularly with regards to diagnostic charges in Zhou and Tu (2000).  Once 

again, the method will be compared to the results obtained by the MOVER methodology, 

maximum likelihood and bootstrap estimates (as evaluated by Zhou and Tu (2000)) and 

within the Bayesian framework itself a variety of different priors will be tested to 

evaluate performance. 

 

The formulation of the model is very similar to the framework presented in sections 4.1 

and 4.2.  This can basically be described as follows: 

 

From the specification of the problem in the Introduction we can assume that the 

populations of interest contain both zero and non-zero (positive observations) and we 

furthermore assume that the probability of obtaining a zero observation from the j-th 

population (j = 1,2) is jδ  where 10 ≤≤ jδ .  Furthermore, we assume that the non-zero 

observations are distributed lognormally with parameters jµ  and 2

jσ .  Now, let 

1 2, ,...,j j njX X X  be a random sample from the thj population and let ( )j ijM E X= .  From 

this preliminary setting specification we wish to construct credibility intervals for the 

ratio of the means, 1M  and 2M , of the two populations.  As in Zhou and Tu (2000) we 

assume that in the thj sample the non-zero observations come first: 0ijX > , and 

1ln( ) | ~ ( , )ij j j jX n N µ σ , for 1,...,1 jni = .  In addition, 0ijX = , for jj nni ,...,11 +=  and 

),(~10 jjjjj nBinnnn δ−= .  From this it follows that the mean of the thj population, 

which is a function of 2
, jj σµ  and 

jδ , is given by: 

 )
2

1
exp()1( 2

jjjjM σµδ +−= . 

To compare the two population means we will construct credibility intervals (Bayesian 

confidence intervals) for the ratio of the means: 

 

)
2

1
exp()1(

)
2

1
exp()1(

2

222

2

111

2

1

σµδ

σµδ

+−

+−
=

M

M
. 

Denote lnij ijy X=  and 2 2

1 1 1 2 2 2[ ]δ µ σ δ µ σ ′=θθθθ  then the likelihood function is 

given by: 
1

0 1

212

2
2 2

1 1

( )1
( | ) { (1 ) ( ) exp[ ]}

2

j

j j

n
n n ij j

j j

j i j j

y
L data

µ
δ δ

σ σ= =

−
∝ − −∏ ∏θ    (14) 

Therefore, 
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1�<� 
 �!�"8 { ��q��� + q�� ���� + q�����
���� + q��6��}

��q��� + q�� ���� + q�����
���� + q��6��} | 

          (15) 

The Independence Jeffreys’ prior is then given by:  

 
2

1 1
2 2 2

1

( ) (1 )j j j

j

p σ δ δ− −−

=

∝ −∏θθθθ       (16) 

The Jeffreys’ Rule prior then becomes 

 
2

1 1
3 2 2

1

( ) (1 )j j j

j

p σ δ δ−−

=

∝ −∏θθθθ       (17) 

 

As was done in Zhou and Tu (2000) we will use computer simulations to study the 

operating characteristics of the proposed Bayesian confidence interval procedure in finite 

sample sizes.  Random sample sizes containing both zero and lognormal observations are 

generated using the following different sample sizes: 

 

Table 5 

Sample Sizes Analysed by Monte Carlo Simulation Techniques 

 

1n  2n  

10 10 

25 25 

50 50 

100 100 

10 25 

25 10 

25 50 

 

Zero proportions with different skewness coefficients are also considered.  Based on 

these generated samples the credibility intervals are constructed.   

 

In the following table the parameter settings used in the simulation study are presented 

(the skewness coefficients for samples 1 and 2 are reported under headings �� and ��): 

 

Table 6 

Parameter Settings used in the Simulation Study 

 

Design 2

1σ  2

2σ  1δ  2δ  1γ  2γ  

1 3.0 1.0 0.0 0.0   96.4851     6.1849 

2 4.0 4.0 0.0 0.0 414.3593 414.3593 

3 3.0 1.0 0.1 0.1 100.9809     6.1763 

4 2.0 0.5 0.0 0.1   23.7323     2.6848 

5 2.0 0.5 0.1 0.2   24.5572     2.5806 
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The results from the simulation study performed by Zhou and Tu (2000) for the 

Maximum Likelihood and Bootstrap methods have been supplied as well for the purposes 

of comparison.  In addition, the MOVER and Bayesian frameworks for the two different 

Jeffreys’ prior distributions are compared (due to space only average results for the 

different designs are given).  The coverage probabilities and interval lengths are for ��	� + ���	� 
 ���� + q�� ����� � �� ���� + ����� + q6� +���� � �� ����.   

 

Table 7 

Comparison of Results for the Ratio of Two Populations – Summary Results for 

Simulation Studies – 95% Two-sided Confidence Intervals for ��	� + ���	�  

 
  Equal – Tail*  HPD Intervals 

Design Method Coverage  Width  Coverage  Width 

1  ML 92.85 (6.36, 0.80) 2.36    

  Bootstrap 92.66 (3.93, 3.41) 2.63    

  Independence Jeffreys’ 95.20 (2.42, 2.38) 3.22  96.01 (1.18, 2.81) 3.08 

  Jeffreys’ Rule 94.82 (2.11, 3.06) 2.89  95.19 (1.12, 3.68) 2.78 

  MOVER 95.68 (1.98, 2.34)  3.23    

        

2  ML 94.76 (2.78, 2.46) 3.85    

  Bootstrap 93.69 (3.24, 3.07) 3.95    

  Independence Jeffreys’ 95.23 (2.38, 2.39) 5.52  96.52 (1.59, 1.89) 5.34 

  Jeffreys’ Rule 94.73 (2.52, 2.74) 4.90  95.95 (1.88, 2.17) 4.78 

  MOVER 95.71 (2.05, 2.24) 5.61    

        

3  ML 92.37 (6.75, 0.88) 2.51    

  Bootstrap 92.98 (3.93, 3.08) 2.70    

  Independence Jeffreys’ 95.28 (2.32, 2.40) 3.59  96.02 (1.22, 2.76) 3.40 

  Jeffreys’ Rule 94.68 (2.24, 3.08) 3.15  95.15 (1.20, 3.66) 3.02 

  MOVER 95.62 (2.11, 2.27) 3.62    

        

4  ML 92.74 (6.24, 1.02) 1.73    

  Bootstrap 92.94 (3.80, 3.26) 1.86    

  Independence Jeffreys’ 95.46 (2.35, 2.18) 2.29  95.97 (1.35, 2.69) 2.20 

  Jeffreys’ Rule 94.76 (2.28, 2.96) 2.07  95.00 (1.33, 3.66) 2.01 

  MOVER 95.52 (2.13, 2.35) 2.30    

        

5  ML 92.74 (6.19, 1.08) 1.87    

  Bootstrap 93.46 (3.49, 3.05) 1.98    

  Independence Jeffreys’ 95.41 (2.35, 2.24) 2.58  95.95 (1.33, 2.72) 2.46 

  Jeffreys’ Rule 94.98 (2.12, 2.90) 2.28  95.28 (1.23, 3.49) 2.20 

  MOVER 95.68 (2.06, 2.26) 2.57    

        

Overall ML 93.09 (5.66, 1.25)  
 

2.46    

  Bootstrap 93.15 (3.68, 3.17) 2.62    

  Independence Jeffreys’ 95.32 (2.36, 2.32) 3.44  96.09 (1.33, 2.57) 3.30 

  Jeffreys’ Rule 94.79 (2.25, 2.95) 3.06  95.31 (1.35, 3,33) 2.96 

  MOVER 95.64 (2.07, 2.29) 3.46    

*Refers to Equal-tail Bayesian intervals, Maximum Likelihood Methods, Bootstrap and MOVER estimates. 

 

In this case it is once again evident that the Bayesian methods are substantially better than 

both the ML and bootstrap methods.  Both the ML and Bootstrap methods results in 

substantial undercoverage.  The MOVER is a vast improvement on these methods and 

results in adequate coverage.  However, the Bayesian methods result in adequate 

coverage and particularly the HPD intervals result in more efficient (narrower) intervals 

than even the MOVER.  According to Table 7, the prior that gives the shortest HPD 

intervals with correct coverage is the Jeffreys’ Rule prior.  The Independence Jeffreys’ 

prior on the other hand gives the best coverage for equal-tail intervals. 
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5.1  Example: Rainfall Data 

For the purposes of comparison of the different methods, an example was chosen using 

raw data obtained from the South African Weather Service.  The data consisted of the 

monthly rainfall totals for the cities of Bloemfontein and Kimberley, two South African 

cities, over a period of 69 to 70 years of measurement.  However, these two cities are 

both located in relatively arid regions and are characterised by mainly summer rainfall.  

For that reason, the winter months of June do contain some rainfall data, but also contain 

many years where the total monthly rainfall data was zero.  Probability plots as well as 

the Shapiro-Wilk (1965) test indicate that the lognormal distribution is a better fit than 

the normal distribution.   

 

The aim is to produce two-sided 95% confidence intervals for the ratio of the two means, �N�' 
 ��+q������/NGN'&N'���+q6�����/'GN'&''�.  If show that the confidence interval includes 1 then the conclusion 

is that there is no difference between the mean rainfall. 

 

The data can be summarised as follows: 

 

Table 8 

Summary of the Rainfall Data 

 
City Parameter Value 

Bloemfontein Number of Years of Available Data 70 

 Number of Zero Valued Observations 18 

 Mean of Log-Transformed Data 1.9578 

 Variance of Log-Transformed Data 2.1265 

   

Kimberley Number of Years of Available Data 69 

 Number of Zero Valued Observations 10 

 Mean of Log-Transformed Data 1.0526 

 Variance of Log-Transformed Data 3.1589 

   

 

In order to compare the results, both the MOVER was applied to the data as well as the 

Bayesian methods described in the preceding text for the following priors: Independence 

Jeffery’s Prior (Prior 1 in the table), the Jeffery’s Rule Prior (Prior 2), the Reference Prior 

and the Probability Matching Prior.  The maximum likelihood and bootstrap procedures 

derived by Zhou and Tu (2000) are also given.  The results are presented in the following 

table: 

 

Table 9 

Summary of Results for the Rainfall Data – Two-sided 95% Confidence Intervals for �N�' 
 ��+q������/NGN'&N'���+q6�����/'GN'&''� 
 

 
 



 

Maximum 

Likelihood Bootstrap

   

Lower Limit   0.5009 0.5271

Upper Limit   3.2805 3.4710

   

 

From Table 9 it is clear that the

purposes the same.  The maximum likelihood and bootstrap intervals on the other hand 

differ somewhat from these intervals.  

the 95% confidence intervals and thus there is no diffe

the two cities. 

 

The following graphs also illustrate these results:

 

Prior 1 
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Bootstrap MOVER Prior 1 Prior 2 

Reference 

Prior 

     

0.5271 0.4486 0.4485 0.4520 0.4410

3.4710 3.3428 3.3245 3.3048 3.3548

     

it is clear that the Bayesian and MOVER intervals are for practical 

The maximum likelihood and bootstrap intervals on the other hand 

differ somewhat from these intervals.  It can furthermore be seen that 1 is 

the 95% confidence intervals and thus there is no difference between the mean rainfall for 

The following graphs also illustrate these results: 

Reference 

 

Probability 

Matching 

Prior 

 

0.4410 0.4587 

3.3548 3.3141 

 

intervals are for practical 

The maximum likelihood and bootstrap intervals on the other hand 

It can furthermore be seen that 1 is included in all 

rence between the mean rainfall for 
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6  Probability-matching and Reference Priors for � 
���G����
, the Mean of 

the Lognormal Distribution 

 

Probability-matching and reference priors often lead to procedures with good frequency 

properties while retaining the Bayesian flavor.  The fact that the resulting posterior 

intervals of level � + � are also good frequentist intervals at the same level is a very 

desirable situation. 

 

6.1  The Probability-matching prior for	 
 � ����6�6
  

 

Datta and Ghosh (1995) derived the differential equation that a prior must satisfy if the 

posterior probability of a one-sided credibility interval (Bayesian confidence interval) for 

a parametric function and its frequentist probability agree up to ( )10 n− , where n  is the 

sample size.  They proved that the agreement between the posterior probability and the 

frequentist probability holds if and only if the differential equation � 33�f ��f�<���<���
f)� 
 j 

is satisfied, where ( )p θθθθ  is the probability-matching prior distribution for θθθθ , the vector 

of unknown parameters.   

 

Also, 

 ( ) ( )
1

,...,t

m

t t
θ θ

′ ∂ ∂
∇ =  ∂ ∂ 

θ θθ θθ θθ θ  

and 

 ( ) ( ) ( )

( ) ( ) ( )
( ) ( )

1

1
1

,...,
t

m

t t

F

F

η η η
−

−

∇ ′= =   
′∇ ∇

θ θθ θθ θθ θ
θ θ θθ θ θθ θ θθ θ θ

θ θ θθ θ θθ θ θθ θ θ
. 

It is clear that ( ) ( ) ( ) 1Fη η′ =θ θ θθ θ θθ θ θθ θ θ  for all θθθθ  where 1( )F − θθθθ  is the inverse of ( )F θθθθ .  

( )F θθθθ  is the Fisher information matrix of θθθθ  and ( )t θθθθ  is the parameter of interest. 

 

The results of Datta and Ghosh (1995) will be briefly reviewed in the following theorem: 

 

6.1.1  Theorem 1 

For the mean, 	 
� ����6�6
, of the lognormal distribution, the probability matching 

prior is given by: 

 ( )2

2 2

1 2
, 1

P
p µ σ

σ σ
∝ + .       (18) 

Proof:  The proof is given in the appendix. 

Multiplying (18) by the likelihood function in equation (1) it follows that: 
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��5��� !"#"7 $ 5���7.��5E�NG�7 ?� �� 6���A�� ��� {+ C���D��6��� | 
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           (19) 

 

Simulation from (19) can be obtained using the rejection method.  Simulation of ��  and q�  are as before. 

 

6.2  The Reference prior for	 
� ����6�6
  

 

The determination of reasonable, non-informative priors in multiparameter problems is 

not easy; common non-informative priors, such as Jeffreys’ prior, can have features that 

have an unexpectedly dramatic effect on the posterior distribution.  In recognition of this 

problem Berger and Bernardo (1992) proposed the reference prior approach to the 

development of non-informative priors.  As in the case of the Jeffreys and probability-

matching priors, the reference prior method is derived from the Fisher information 

matrix.  Reference priors depend on the group ordering of the parameters.  Berger and 

Bernardo (1992) suggested that multiple groups, ordered in terms of inferential 

importance, are allowed, with the reference prior being determined through a succession 

of analyses for the implied conditional problems.  They particularly recommend the 

reference prior based on having each parameter in its own group, i.e. having each 

conditional reference prior be only one dimensional. 

 

As mentioned by Pearn and Wu (2005) the reference prior maximises the difference in 

information (entropy) about the parameter provided by the prior and posterior 

distributions.  In other words, the reference prior is derived in such a way that it provides 

as little as possible information about the parameter. 

 

The following theorem can now be stated. 

 

6.2.1  Theorem 2 

For the mean, 	 
� ����6�6
 , of the lognormal distribution, the reference prior relative to 

the ordered parameterisation ( )2,µ σ  is given by: 

 ( )2

2

1 2
, 1

R
p µ σ

σ σ
∝ + .       (20) 

Proof:  The proof is given in the appendix. 

The posterior distribution of ��� is now 

��5��� !"#"7 $ 5���7.��5E�NG�7 ?� �� 6���A�� ��� {+ C���D��6��� | 
for � 
 ��6 

           (22) 
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7  Appendix  

 

7.1  Proof of Theorem 1 

The probability matching prior is derived from the inverse of the Fisher information 

matrix.  Now 

  ( ) ( )
2

1 1 2

4

0
,

0 2
F F

σ
µ σ

σ
− −  

= =  
 

θθθθ . 

and  

 

 #�<� 
 �/G�N'&' 
 	 
 

from which it follows that  

 
( ) 21

2
t

e
µ σ

µ
+∂

=
∂

θθθθ
 and 

( ) 21
2

2

1

2

t
e
µ σ

σ
+∂

=
∂

θθθθ
. 

Also 

 ( ) ( ) ( ) 21
2

2

1
1

2
t

t t
e
µ σ

µ σ
+∂ ∂   ′∇ = =   ∂ ∂   

θ θθ θθ θθ θ
θθθθ  

and 

 ( ) ( )
21

1 2 42
t

F e
µ σ σ σ+−′  ∇ =  θ θθ θθ θθ θ  

 ( ) ( ) ( )
21 2 2 41

2
t tF e µ σ σ σ− +  ′∇ ∇ = + 

 
θ θ θθ θ θθ θ θθ θ θ  

and  

 ( ) ( ) ( )
21

1 2 42
1

2
t t

F e
µ σ

σ σ
+−′∇ ∇ = +θ θ θθ θ θθ θ θθ θ θ . 

Therefore 

 �a�<� 
 � ����<��MN�<�c����<��MN�<��� �<� 
� _���<������<�` 
 � �c&'G�N'&� _�� �}`  
For a prior ( ) ( )2,P Pp p µ σ=θθθθ  to be a probability matching prior, the differential 

equation 

 
��/ _���<������<�` �� ��&' _���<������<�` 
 j  

must be satisfied.  If we take 

 ( )2

2 2

1 2
, 1Pp µ σ

σ σ
∝ +  

then the differential equation will be satisfied. 
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7.2  Proof of Theorem 2 

The Fisher information matrix of 2,µ σ  θ =θ =θ =θ =  per unit observation is given by: 

 ( ) ( )
2

2

4

1 0

,
10

2

F F
σµ σ

σ

 
 = =
 
  

θθθθ . 

The parameter of interest is the mean of the lognormal distribution 

 #�<� 
 �/G�N'&' 
 	 

Define 
( )
( )( )

( )
2

2

1 1, 2

, 0 1

tA
t

µ σ

σ

 −∂
 = =
 ∂
 

θθθθ
θθθθ

. 

Hence, the Fisher information matrix under the reparameterisation ( )( )2,t σθθθθ  is given by 

 ( )( ) ( ) ( ) ( )

( )

2 2 2

2 2

2 2 4

1 1

2
, ,

1 1 1

2 4 2

t t
F t A F A

t

σ σ
σ µ σ

σ σ σ

− 
 
 ′= =
 −

+ 
 

θ θθ θθ θθ θ
θθθθ

θθθθ

. 

Following the notation of Berger and Bernardo (1992), the functions ( ), 1, 2jh j = , which 

are needed to calculate the reference prior for the group ordering ( )( )2,t σθθθθ , can be 

obtained from ( )( )2,F t σθθθθ  as follows: 

 
( ) ( ) ( )

1
12 11 2
2

2
1 2 2 2 2 4 2 2

1 1 1 1 1 1 1

2 4 2 2
h

t t tσ σ σ σ σ σ

− −    = − + = −       +    θ θ θθ θ θθ θ θθ θ θ
 

and 

 

1
1 2
2
2 2 2

1 1 1

2 2
h

σ σ
  = +  

  
. 

Therefore, the reference prior relative to the ordered parameterisation ( )( )2,t σθθθθ  is given 

by 

 ( )( ) ( )
2

2

1 1 2
, 1Rp t

t
σ

σ σ
∝ +θθθθ

θθθθ
. 

In the ( )2,µ σ  parameterisation this corresponds to 

 ( ) ( )
( )( )2

2 2

1 1 2 1 2
, 1 1Rp t

t
µ σ

σ σ σ σ
∝ + ∝ +θθθθ

θθθθ
. 

This is the same result derived by Roman (2008). 
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